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In the present paper we prove the almost everywhere convergence of the Feje� r
means of integrable functions on the group of 2-adic integers. � 1997 Academic Press

1. INTRODUCTION AND RESULTS

We follow the standard notions of dyadic analysis introduced by the
mathematicians F. Schipp, P. Simon, and W. R. Wade (see e.g. [Sch]) and
others. Denote the set of natural numbers by N :=[0, 1, ...], the set of
positive integers by P :=N"[0], and the unit interval by I :=[0, 1).
Denote by *(B)=|B| the Lebesgue measure of the set B(B/I). Denote by
Lp(I) the usual Lebesgue spaces and by &}&p the corresponding norms
(1� p��). Set

I :={_ p
2n ,

p+1
2n + : p, n # N= ,

the set of dyadic intervals, and for given x # I let In (x) denote the interval
In (x) # I of length 2&n which contains x(n # N). Also use the notion
In :=In (0)(n # N). Let

x= :
�

n=0

xn2&(n+1),

article no. AT963067

88
0021-9045�97 �25.00
Copyright � 1997 by Academic Press
All rights of reproduction in any form reserved.

* Research supported by the Foundation for Hungarian Higher Education and Research,
Grant 485�94, and by the Hungarian National Foundation for Scientific Research (OTKA),
Grants F007347 and F020334.



File: 640J 306702 . By:DS . Date:24:06:97 . Time:08:15 LOP8M. V8.0. Page 01:01
Codes: 2595 Signs: 1368 . Length: 45 pic 0 pts, 190 mm

the dyadic expansion of x # I, where xn=0 or 1 and if x is a dyadic rational
number (x # [p�2n : p, n # N]) we choose the expansion which terminates
in 0's. The 2-adic (or arithmetic) sum a+b :=��

n=0 rn2&(n+1) (a, b # I),
where bits qn , rn # [0, 1](n # N) are defined recursively as follows: q&1 :=0,
an+bn+qn&1=2qn+rn for n # N. (Since qn , rn take on only the values 0,
1, these equations uniquely determine the coefficients qn and rn .) The group
(I, +) is called the group of 2-adic integers. Set

=(t) :=exp(2?@t) (t # R),

where @=(&1)1�2. Set

v2n(x) :== \xn

2
+ } } } +

x0

2n+1+ (x # I, n # N)

and

vn := `
�

n=0

vn j
2 j ,

where N % n=��
i=0 ni 2

i (ni # [0, 1] (i # N)). It is known [Hew] that the
system (vn , n # N) is the character system of (I,+). Denote by f� (n) :=
�I fv� n d* (n # N), Dn :=�n&1

k=0 vk , and Kn :=(1�n) �n&1
k=1 Dk (n # P) the

Fourier coefficients, the Dirichlet kernels, and the Feje� r kernels, respec-
tively. It is also known that

_n f (y)=|
I

f (x) Kn (y+x) d*(x)=
1
n

:
n

k=1

Sk f (y)

=
1
n

:
n

k=1
|

I
f (x) Dk (y+x) d*(x)

=
1
n

:
n

k=1

:
k&1

j=0
\|I

f (x) v� j (x) d*(x)+ vj (y)

=
1
n

:
n

k=1

:
k&1

j=0

f� ( j ) vj (y) (n # P, y # I).

We prove

Theorem 1. _n f � f a.e. ( f # L1(I)).

Theorem 1 for the general case (for the Feje� r means the group of p-adic
integers) is the conjecture of M. H. Taibleson [Tai, p. 114.]. Theorem 1 with
respect to the Walsh�Paley system on the Walsh group is proved by Fine
[Fin]. This result with respect to the p-series fields is due to Taibleson
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[Tai2]. Later, this result was generalized for the so-called bounded Vilenkin
groups with respect to the Vilenkin system by Pa� l and Simon [P-S]. The
noncommutative case is discussed by the author [Ga� t].

In order to prove Theorem 1 we need

Lemma 2 ([S-W]).

Dn (z)=vn (z) :
�

j=0

nj (&1)zj D2 j (z),

where

D2k(z)={2k

0
if z # Ik

if z � Ik
(n # P, k # N, z # I ).

Lemma 3. Let A�{ be fixed natural numbers. Then,

|
I{"I{+1

sup
N�2A

|KN (z)| d*(z)�c(2{&A)1�2.

Throughout this work c>0 will denote an absolute constant which will
not necessarily be the same at different occurrences.

The so-called dyadic Hardy space H is defined as follows [Sch, Sim].
A function a # L�(I) is called an atom, if either a=1 or a has the following
properties: supp a�Ia , &a&��|Ia|&1, �I a=0, for some Ia # I. We say
that the function f belongs to H, if f can be represented as f =��

i=0 *i ai ,
where ai's are atoms and, for the coefficients *i (i # N), ��

i=0 |*i |<� is
true. It is known that H is a Banach space with respect to the norm

& f &H :=inf :
�

i=0

|*i | ,

where the infimum is taken over all decompositions f =��
i=0 *i ai # H.

Denote by

Tf :=sup
n

|_n f | ( f # L1)

the maximal function of the Feje� r means of f. We prove that the operator
T is of type (H, L1).

Theorem 5. &Tf &1�c & f &H ( f # H).
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Theorem 6. |[Tf >*]|�c & f &1�* for all f # L1(I), *>& f &1 , and
&Tf &p�cp & f &p ( f # Lp(I), 1< p��). That is, operator T is of weak type
(1, 1) and of type (p, p) for each 1<p��.

2. PROOFS

We need the following decomposition lemma of Calderon�Zygmund
type.

Lemma 4 ([Sch, CZ]). Let f # L1(I), *>& f &1 . Then there exists a
decomposition I=F _ F� such that

F= .
�

i=1

Ji

Ji & Jk=< (i{k), Ji=Iki (x(i)), (ki # N, x (i) # I, i # P),

& f0&�<2*,

supp fk�Jk , |
Jk

fk=0, |Jk|&1 |
Jk

| f |�4* (k # P),

|F|�& f &1 �*.

Proof of Lemma 3. Let N % n=�A
i=0 ni 2

i (nA=1), n(s) :=nA 2A+ } } } +
ns 2s (s�A, s, A # N). Set

Ka, b (z) := :
b&1

k=a

Dk (z) a, b # P, z # I.

Suppose that s>{, z # I{"I{+1. By Lemma 2 we have

Kn(s), 2s (z)= :
n(s)+2s&1

k=n(s)

Dk (z)

= :
n(s)+2s&1

k=n(s) \ :
{&1

j=0

kj 2
j+ vk (z)+ :

n(s)+2s&1

k=n(s)

k{ 2{(&1) vk (z)

=: :
1

+:
2

Since 2s | n(s), then k=n(s)+l (0�l<2s). We get vk (z)=vn(s)+l (z)=
vn(s)(z) vl (z). Thus ({<s),
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:
1

=vn(s)(z) :
1

ks&1=0

} } } :
1

k0=0
\ :

{&1

j=0

kj2
j+ vl(z)

=vn(s)(z) :
1

ks&1=0

} } } :
1

k0=0
\ :

{&1

j=0

kj2
j+ vk020+ } } } +ks&12s&1(z)

=vn(s)(z) :
1

ks&1=0

:
1

ks&2=0

} } } :
1

k{+1=0

:
1

k{&1=0

} } } :
1

k0=0
\ :

{&1

j=0

kj2
j+

_vk020+ } } } +k{&1 2{&1+k{+12{+1+ } } } +ks&12s&1(z) :
1

k{=0

vk{2{(z)

=vn(s)(z) ,(z) :
1

k{=0

vk{
2{(z),

where ,(z) does not depend on k{ . Since

vk{
2{(z)== \k{ \z{

2
+ } } } +

z0

2{+1++== \k{

2 +=(&1)k{,

we get �1=0. Consequently,

|Kn(s), 2s (z)|= }:
2

}=22{ } :
ks&1 , ..., k{

k{= \ :
s&1

j={

kj \zj

2
+ } } } +

z0

2 j+1++} .

That is, |Kn(s), 2s | does not depend on n(s). Thus,

|
I{"I{+1

sup

2s | N
2A+1>N�2A

|KN, 2s |

=
4{

2s :
z{+1, ..., zs&1

} :
n{ , ..., ns&1

n{= \ :
s&1

j={

nj \zj

2
+ } } } +

z0

2 j+1++}
=

4{

2s :
z{+1, ..., zs&1

} :
n{+1, ..., ns&1

`
s&1

j={+1

vnj
2 j(z) }

�
4{

2s \2s

2{+
1�2

{ :
z{+1, ..., zs&1

:

k{+1 , ..., ks&1
n{+1 , ..., ns&1

`
s&1

j={+1

vnj&kj
2 j (z)=

1�2

=: :
3

,

as we find with the help of the well-known Cauchy�Buniakovskii inequality:

vns&1&ks&1

2s&1 (z)

== \(ns&1&ks&1)
zs&1

2 + = \(ns&1&ks&1)+ \zs&2

22 + } } } +
z0

2s++ .
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Consequently,

:
1

zs+1=0

:

k{+1 , ..., ks&1
n{+1 , ..., ns&1

`
s&1

j={+1

vnj&kj
2 j (z)=2 :

ns&1=ks&1

n{+1, ..., ns&1
k{+1, ..., ks&1

`
s&2

j={+1

vn j&kj
2 j (z).

Thus,

:
3

=
4{

2s \2s

2{+
1�2

{2 :
z{+1, ..., zs&2

:

ns&1=ks&1

n{+1, ..., ns&1
k{+1 , ..., ks&1

`
s&2

j={+1

vnj&kj
2 j (z)=

1�2

=
4{

2s \2s

2{+
1�2

{22 :
z{+1 , ..., zs&3

:

ni=ki (i=s&1, s&2)

n{+1, ..., ns&1
k{+1 , ..., ks&1

`
s&3

j={+1

vnj&kj
2 j (z)=

1�2

= } } } .

That is,

:
3

�c
4{

2s \2s

2{+
1�2

(2s&{2s&{)1�2�c(2s+{)1�2.

That is, for s>{, we have

|
I{"I{+1

sup

2s | N
2A+1>N�2A

|KN, 2s |�c - 2s+{. (1)

By elementary calculation we have for 2A�N<2A+1 (z # I),

NKN (z)= :
A

s=0

NsKN (s+1), 2s (z),

which gives the following inequality:

|NKN (z)|� :
A

s=0

|KN (s+1), 2s (z)| (2A�N<2A+1z # I).

Set J { :=I{"I{+1.

|
J{

sup
2A+1>N�2A

|NKN (z)| d*(z)

�c :
{

s=0
|

J{
sup

2A+1>N�2A
|KN (s+1), 2s |+ :

A

s={+1
|

J {
sup

2A+1>N�2A
|KN(s+1), 2s |

=: :
4

+:
5

.
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By Lemma 2 we have that for z # I{"I{+1 , Dn (z)�c2{ for any n # N;
thus |KN(s+1), 2s(z) |�c2s+{ for all N, s # N. This gives an upper bound for
�4:

:
4

�c :
{

s=0

1
2{+1 2s2{�c2{.

The upper bound for �5 is implied by (1) as follows:

:
5

�c :
A

s={+1

(2s+{)1�2.

Consequently,

|
J{

sup
2A+1 >N�2A

|KN (z)| d*(z)�c
2{

2A+c
(2A+{)1�2

2A .

This gives

|
J{

sup
N�2A

|KN (z)| d*(z)�c :
�

j=A \
2{

2 j+c
(2 j+{)1�2

2 j +�c2({&A)�2.

Lemma 3 is proved. K

Proof of Theorem 6. It is known that &Kn&1�c [S-W]. Consequently,
operator T is of type (�, �) (i.e., &Tf &��c & f &� for all f # L�(I)). We
prove that T is of weak type (1, 1) (i.e., |[Tf >*]|�c & f &1 �* for all
f # L1(I), *>& f &1).

Let *>& f &1 . Lemma 4 gives &_n f0&�<c*,

|[x # I : Tf (x)>2c*]|

�|[Tf0>c*]|+|F|+ }{x # I"F : T \ :
�

j=1

fj+ (x)>c*=}
�c & f &1 �*+

1
c* |

I"F
:
�

j=1

Tf j

=: c & f &1 �*+
1
c*

:
�

j=1

B j.

(Note that operator T is sublinear.)

I"F/I"J j= .
k j&1

{=0

(I{ (x( j))"I{+1(x( j)))=: .
k j&1

{=0

J {
j .
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Denote by An the _-algebra generated by the sets In (x) (x # I) and by En

the conditional expectation operator with respect to An (n # N). Since
�Ikj (x

( j)) f j=0 and supp f j�Ikj (x
( j )), then Ekj f j=0 ( j # P). That is, n<2k j

implies Sn f j=Sn (Ekj f j)=0. Consequently, Tf j=supn�2kj |_n f j | . This
gives

B j� :
kj&1

{=0
|

Jj
{

sup
n�2kj } |Jj

f j Kn }=: :
kj&1

{=0

B j
{ ,

B j
{�|

Jj
{ |Jj

| f j (x)| sup
n�2kj

|Kn (z&x)| d*(z) d*(x)

(& denotes the inverse of +). Lemma 3 gives B j
{�cfJj | f j (x)| 2({&kj)�2 d*(x),

that is, B j�c & f j&1 ( j # P). This implies |[Tf >2c*]|�c & f &1 �*+(1�c*)
��

j=1 & f j&1�c & f &1 �*. Consequently, we proved that operator T is of
weak type (1, 1). Since T is of type (�, �) and of weak type (1, 1) then
the interpolation theorem of Marczinkievicz [Sch] implies Theorem 6. K

Proof of Theorem 1. Since for a polynomial P(x)=�n
0 ck vk (x)

(c0 , ..., cn # C, n # N, x # I ) we have the relation _n P(x) � P(x) (n � �) for
all x # I and since the set of polynomials is dense in the set of integrable
functions in I, then by the usual density argument (see [Sim, Sch]) and by
the weak (1, 1) typeness of operator T follows the a.e. convergence _n f � f
for all f # L1(I). The proof of Theorem 1 is complete. K

Proof of Theorem 5. Let a be an atom (a{1 can be supposed),
Ia :=Ik (x), &a&��2k for some k # N and x # I. Then n<2k implies
Sn a=Sn Ek a=0. That is,

Ta= sup
n�2k

|_n a| .

Lemma 3 gives

|
I"Ia

Ta= :
k&1

j=0
|

Ij(x)"Ij+1(x)
sup
n�2k }|Ik(x)

a(y) Kn (z&y) d*(y) } d*(z)

� :
k&1

j=0
|

Ik(x)
|a(y)| |

Ij(x)"Ij+1(x)
sup
n�2k

|Kn (z&y)| d*(z) d*(y)

�c :
k&1

j=0
|

Ik(x)
|a(y)| (2 j&k)1�2�c &a&1�c.
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Since Theorem 6 gives that operator T is of type (2, 2) (i.e., &Tf &2�c & f &2

for all f # L2(I)), we have

&Ta&1=|
I"Ia

Ta+|
Ia

Ta

�c+|Ia | 1�2 &Ta&2�c+c2&k�2 &a&2

�c+c2&k�22k�2�c.

That is, &Ta&1�c and consequently the sublinearity of T gives

&Tf &1� :
�

i=0

|*i | &Tai&1�c :
i=0

|*i |�c & f &H

for all f =��
i=0 *i ai # H. The proof of Theorem 5 is complete. K
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